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Abstract. The set of 10 covariant vector fields f A (x) is taken as 
basic variables to describe the gravitational field. Metric g^ v is a 
composite field. A possibility for the gravitational constant to be 
described as a condensate of additional scalar field is discussed. 



1. Introduction 

Newton gravitational constant k in units K — 1, c = 1, entering the 
Hilbert-Einstein lagrangian has dimension of mass 

til = M 2 - 

This leads to the nonrenormalisability of quantum theory. The sim- 
ilar problem of massive vector field, describing weak interaction, was 
solved in Weinberg-Salam theory [1] , [2] by adding the Higgs field. It is 
temptating to look for the simlar solution in the Einstein theory of grav- 
itation. There were numerous attempts to realize such a programm, 
beginning with Brans and Dicke [3], see also a detailed discussion in 
[4]. Here I present one more proposal in this direction. 

To make the similarity more close one should try to describe gravity 
by means of vector fields. 

Vector fields were used in gravitation theory in the framework of 
the embedding approach [5] [8]. The 4 dimensional space-time M4 is 
described as a hypersurface in 10-dimensional linear space M 10 . The 
coordinates f A , A = 1,...10 become functions f A {x) of coordinates 
x M , /i = 1, . . . 4 on M4 and metric g^ v is an induced one 

gM = d,f A {x)d u f A {x). 

Here and in the following I use only euclidean signature for simplicity. 
Thus the covariant vector fields 

(1) ffr) = dJ A (x) 

appear as the basic variables. The curvature tensor, given by Gauss 
formula, 

1/3 u vJa u nJf3 
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where IT is a projector to vertical direction 

u AB = 6 AB_ g X„ f A f B } 

is quadratic in these vector fields. However the appearance of the de- 
rivative in the definition of f A {x) leads to equations of motion, different 
from Hilbert-Einstein equations. Indeed, 

5 J ^Rd A x = 2 j ^d,(G^f A )5f A d 4 x, 

where G^ u = — \g^ v R y and we see, that G^ v enters the equations 
of motion with extra derivative. This fact is considered as drawback in 
[6], some remedy is discussed in [8]. 

In my recent note [9] I proposed more radical solution, namely I 
took the fields f A (x) as a genuine covariant vector fields and forgot 
the embedding. It was shown in [9J, that in this way one gets proper 
Hilbert-Einstein equations. One of features of approach in [9] was 
introduction of constraints 

(2) dX - Qufi = o 

which led to ([I]) by means of adding the tensor lagrange multiplier 
B^ V ' A . However the more detailed analysis of equations of motion in 
[9], which was done by S. Paston [10], showed that this trick is not 
needed. The improved variant of the approach of [9] is given here 
in the section 3. It shows complete equivalence with Hilbert-Einstein 
equations of motion without using extra condition (T2J). 

In section 4 I discuss some possibilities to explore the condensate 
idea. Additional scalar fields X A are introduced and several proposals 
for the corresponding lagrangian are discussed. 

The work on this project was supported in part by the RFBR grant 
08-01-00638 and programm "Mathematical problems of nonlinear dy- 
namics" of Russian Academy of Sciences. 

I am greatful to S. Paston for important comments. 

2. Differential geometry 

Here I shall introduce some formulas from differential geometry, 
which will be used in section 3. 

Let M4 be 4-dimensional space-time with coordinates x M , /j, = 1, . . . 4. 
Consider a set of covariant vector fields f A , A = 1, . . . D. The number 
D is large enough, later we shall see that the natural choice is D = 10. 
The two index field 
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and three index field 

define metric and linear connection on M 4 . Indeed under the coordinate 
transformation 

Sx 11 = (P(x) 
we have by definition of covariant vector field 

8ff = -d^ft - e x d x tf, 

so that g^ v transforms as a tensor and in the transformation of fi a ,/3/j, 
besides the usual tensorial terms we have noncovariant contribution 
gaxdpdpe* characteristic of linear connection. 

Covariant indexes are raised as usual by the inverse matrix g^ u 

g» p g P » = v, r A = rft 

The covariant derivative of covariant vector field X M is given by 

V M X^ = d^X v — Q^Xp, 

where 

Connection is compatible with metric g^ v . Indeed 

Vx9»» = d x f A f A + ffafv - ^x9au - Sr vx9lMr = 

= dxtftf + f A d x f A - dxtfr A 9<n, - dxf A r A g„ = 0, 
however it has torsion 

■^q,[/xi/] ^a,fjiv ^a,vii- 

The riemanian connection T a ^^ is expressed via fl a ,/3 P as follows 

r«,/3^ = ^{^a,l3fi + Qa,nlf) + ^(^/V*^ ~~ ^,/3a) + ^(^W^ ~~ 

and so ^ a ,/3fi = $la,Pn under the conditions of vanishing torsion T a r^i. 

Let us calculate the curvature tensor S^ u /3 of connection Q. We have 
by definition 

st, v = W - + n« M n^ - = d,(r A dj A )- 

- d v {r A d»f$) + r A dXr B d v ff - r A d u f A r B oj B . 

The second derivatives cancel and using elementary property 

r%f A = -dj aA f A , 

which follow from orthonormality f A f Av — 5^, we can rewrite S% p as 
S^ u = U AB (dJ aA d v f B - d u f aA dJ B ), 



4 L. D. FADDEEV 

where 

J[AB _ <^AB _ jA jaB 

is a projector, orthogonal to vector fields f A . Now we can lower the 
index a to get 

S a p^ v = II B (d fJr f a d I/ fp - d v f A d^ B ). 

Indeed 

g«AF A = d,{g ap r A ) - d, 9ap r A 

and second term is killed by the projector. Now using the property of 
projector 

ii AB = n AC n BC 

we can finally rewrite S^ap as 

c _ h A h A — h A h A 

^af3^v — u ap , u j3v u ai/ u f3fi 



via covariant tensor fields 



b A jjABq f B 



We see, that VL^ and b A constitute '"horisontal" and "vertical" com- 
ponents of d p f A . The last formula for the S a p ilJjV looks similarly to the 
Gauss formula, expressing the curvature tensor of embedded manifold 
via set of second quadratic forms. However our tensors b A ^ are not 
symmetric 

b A ^ b A . 

afj, I pud 

Thus the curvature tensor S a p iliV is antisymmetric with respect to in- 
terchange \i <-> v, a <-> (3, but not symmetric to \w <-> a(3. 

3. Variational equations 

The lagrangian 

C = y/ggTg^S^ = 

= yfgn AB (d»r A d„r B - d v r A d,r B ). 

was already considered in [9]. We shall not add to it the second term 
y/gB fJ,1/ ' A (d t j,f A — d u f A ). Indeed, as was realized after the publication 
of [9], the important comment by S. Paston [III] shows, that this is not 
needed. 

The variation 

6 [ Cd 4 x = [ E A Sf aA d 4 x 



has the following form 

^ = V9$Qi BC s!? B -Qi BG s AB ), 
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where 



Q ABC =u AB f C + u AC f B + n BC f A^ 



s» AB =d a r A d u r B - d„r A d a r B 

and 

S AB = Q^AqjuB _ Q u f^ d juB_ 

Consider separately the "vertical" and "horisontal" contributions to 

A 

X A = 2^g(r A H a „ + n AB V*). 
The vertical part V A is given by 

v A = M^ AC f" + n AB tf)sz BC - n AG f B s BC ) 

and using the definitions of 6~ and can be rewritten as follows 
(this was done be S. Paston [ID] ) 

v a A =b" A (^ a - ny + - nfc) + - «W 

and so is a linear combination of torsion. We have 24 components in 
torsion and 4(D — 4) equtions of motion 

(3) V A = 0. 

Here we take into account, that due to the presence of projector in the 
definition of b A ^ index A effectively runs through D — 4 values. 

The set of equations (j3J) is linear in the components of torsion and 
have the form 

where matrix elements of matrix K are expressed via b^ A . In case 
D = 10 K will be quadratic 24 x 24 matrix. We shall not write its 
explicit form via 96 components of 6^ , however we can show, that in 
the generic situation this matrix is nondegenerate. Thus the equations 
© lead to the vanishing of torsion 



and so 



T U = 



q« -pa 



Of course the equations V A = can have another solution, imposing 
conditions on b^ A , so I should present arguments, supporting the solu- 
tion taken here. Until now I have only esthetic reasons, more serious 
discussion must be based on global variational considerations. 

The horisontal part of 

Ha, = ^ BO (S™ - \g a »S BC ) 
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give 16 equations of motion, 

out of which 6 are trivialy satisfied and 10 coincide with Hilbert- 
Einstein equations due to condition 

o q i "p a 

"/3 M |T=0 - J- fa- 

Thus it is shown, that vector variables f A with 40 components lead to 
the same equations as 10 components of metric g^. 

Now I should employ new ooportunity to modify the Einstein theory 
of gravity. 

4. Scalar field and 0(6) symmetry 

Let us add to the list of fields the set of scalar fields X A and consider 
separately their horisontal and vertical components. For that it is 
convenient to introduce the set of orthonormal vectors e A , a = 1, ... 6, 
orthogonal to f A considered as vectors in M 10 

fX = °, = -.4, a = l,...6 

p A A _ s jiAB _ A B 

The horisontal components of X A give vector field = X A f A on 
M 4 and vertical components Z a = X A e A give vector in R 6 . We can 
introduce the connection 

and so we define covariant derivatives for Y^ and Z a 

X7 n Y = d Y — Q 13 Yn 

V^Z a = d^Za + 9^ ab Z b 

and use them for construction of lagrangians covariant with respect to 
coordinate transformations and local 0(6) relations. It is instructive 
to observe, that in the natural kinetic term for the vertical components 

c z = ^vlz a v e u z a . 

the reference to the basis e A disappears 

C z = ^U AB (d,X A - b%Y°){d v X B - b B v Y?). 

This will be shown in Appendix I. Also it is useful to take into account, 
that V^Y a can be expressed via b A as follows 

(4) vjy, = /fax* + b A ^x A , 
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so that in covariant derivatives the vertical and horisontal components 
of X A interchange. 

It is time to consider the dimensional attribute to all these fields. It 
is natural to consider the basic fields f A dimensionless, then the metric 
g^ v and connection fl a ,/3n have usual dimensions 

[g, v } = [L]°, [O^] = [L]- 1 . 

The scalar field X A has dimension as usual 

[X A ] = [L}~\ 

In this way £ z and all lagrangians below have dimension [L] -4 , so that 
the associated coupling constants are dimensionless. 

Now we turn to the main speculation of this paper. We can introduce 
the covariant interaction lagrangian 

(5) £ XJ = y/gsr^x A {b^ - btbl)x B 

with dimension [L] -4 . Under the hypothese, that we have in quantum 
theory nontrivial condensate 

< X A X B >= -P AB 

K 

we can imply, that our version of the Hilbert-Einstein lagrangian reap- 
pears as an effective lagrangian in some more microscopic theory. Note, 
that this condensate does not contribute to C z because terms without 
derivatives there contain only horisontal component of X A , namely 

y, = tf* A - 

It would be nice to get C >* as "massive" term for vector field. Indeed 
the natural choice 

contains the term £ x f as quadratic form without derivatives due to 
(j4j), but it will be shown in Appendix II, that it is not compatible with 
the expected condensate. 

Thus a lot of work is still ahead to explore fully all possibilities of 
vector variables to describe gravity and develope the cprresponding 
quantum theory. 

Appendix I 

We shall show here, that in the expression V^Z a V^Z a the reference 
to variables e A disappear. We have 

K Z « = <(eaX A ) = e A d,X A + (Vle A )X A 
= (<Va + 0^ ab e bA )X A + e A d^X a . 
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Consider the expression 1^° d^Jl CB . Using the definition 

U AB = e A e B 

we get 

n^n° fl = «££(VF e? +e 6 %ef ) = e A J^ h e B +e A d,e B = efvjef . 
On the other hand we have 

n^n° fl = -n* c (d ll fSr B +f?d ll f?) = -r B n AC dj? = -b%r B . 

Thus 

e ^vjz a = n AC ^n CB x B + n AB a M x B = n AB d,x B - . 

Finally due to orthonormality of e A we have 

e A VlZ a e A V e v Z b = VjZ a VX 
from which the formula in section 4 follows. 

Appendix II 

To make analogy with WS theory one could consider the lagrangian 

(r%x A + lf A X A )(f vB d v X B + b vB X B )- 

- (f uA d^X A + b vA X A ){f» B d v X B + bfx B ). 

Indeed, coefficients in the quadratic form X A X B coincides with the 
£ x 'f . However, as already mentioned in the main text, the last expres- 
sion is equal to 

v^(v M y v,y - v,rv,y) = y/gC 

and it contains only horisontal components of X a . It can be trans- 
formed as follows. Denote 

We have 

v„r = c + y v„v„y - y v M v„y = £ + y [v M , v„]y . 

We can see from the expression of r Qj/ g M via that 

_ "PM _|_ T^M 

l/// (IV ' V(l 

so that 
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is a pure divergence. Thus 



where we do not write explicitly contribution of torsion, and so to 
realize the main proposal we need condensate 



which will enter also the kinetic energy of Z m . So it seems, that it is 
preferable to use the lagrangian (jSJ) per se and interprete it as a kinetic 
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